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Abstrad-The paper considers the frictionless contact problem for an elastic layer which is resting on a
rigid horizontal foundation and is acted upon by an axisymmetric line load P. a uniform ciampini pressure
Po. and a vertical homogeneous body force pg. due to gravity. For varying values of the radius of the
loading ring and of the load ratio pt{pfh + Po)h. the critical value of the applieclload initiating an interface
separation along the contact plane. the size of the separation area. and the distribution of the contact stress
are stUdied. and some numerical results are given.

I. INTRODUCTION

Prior to the publication of [I], in solving the problems involving elastic layers and foundations it
was generally assumed that the contact between the layer and the subspace is either one of
perfect adhesion or frictionless with the additional condition that across the interface the
normal component of the displacement vectors is continuous, i.e. on the interface no separation
is allowed (see for example[2] for some typical results and references). However, in [1] it was
pointed out that if the layer is loaded by local compressive forces, due to the "bending" effects
the contact area would decrease, and the size of the resulting contact area would be in
dependent of the magnitude of the load and would depend on its relative distribution only. This
peculiar property of the so-called receding contact problem holds also for loading through a
ftat-ended rigid stamp with sharp edges [3,4]. For other stamp profiles the size of the contact
area becomes a function of the resultant compressive force [3,4]. Clearly, for a locally loaded
frictionless infinite layer or plate, formation of a finite CbDtact area is possible only if one
neglects the effect of gravity (see for example [5-9]). Some pIue contact 'probIems for a
frictionless layer or a beam resting on a horizontal rigid foundation were considered in [10-12]
where the effect of gravity (and a possible uniform clamping pressure) was taken into account.
In such problems as long as the external load is applied locally, the contact area would always
be infinite. and 'when the mqnitude of the external load exceeds a certain critical value a
separation would take place between the layer and the foundation.

The purpose of this paper is to study this separation process for an infinite elastic layer
under axisymmetric loading. Specifically, the contact pressure, the critical load initiating
separation. and the size of the separation area will be investigated and determined as a function
of some dimensionless load and geometrical variables.

2. FORMULATION

The axisymmetric elasticity problem is described in Fig. 1. If the magnitude of the load P is
less than a critical value PI''' there is no separation along the interface and the problem can be
solved as an ordinary boundary value problem (Fig. la). However, for l' > Per the separation
occurs. and depending on roth one would have the mixed boundary value problem shown in
either Fig. 1(b) or Fig. I(c). In either case the following equations must be solved under certain
boundary conditions:

(la, b)
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where" and w are the r aad zoCf)lDponents of the displacement and PI is the body force due to
gravity. The stress compo_au are given by

u (all aw)0',. =(A +2~)-+A. -+-r ar az'

aw (all U)O'u=('\+2p.)-+,\ -+-az ar r'

Writing the solution of (1) as

(au aw)
0' =~ -+- .

n: az ar

u(r, z) = u,(r)+ u,,(r. z)

w(r, z) =w,(z) + wll(r. Z),

(2a-d)

(3a,b)

the particular solution corresponding to the nonhomgeneous term PI in (l) and satisfying

w,(O) =0, O'~(r. 0) =- Ph (T~(r. h) =- Po,

(4a-d)
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may be obtained as follows:

2poZ pgz [IC - 1 2h ]
wp(z) =p,(1C-7)+2p, lC+l(z-h)+ 1C-7 ' (5a,b)

773

where Po is the uniform clamping pressure applied to the layer at z =h and IC =3- 4v. The
homogeneous solution of (1) satisfying the regularity condition at r = llO may be expressed as(4]

"Iter, z) =L" (AI +A2z)e-a
: +(A, +A,.z)eO%]JI(ar)a da,

WIler, z)= L" {[AI +(;+ Z)A2] e-O% + [ - AJ +(;- z)A.] eO: } Jo(ar)a da,

0< z < h, O:s r < 00.

Substituting (3), (5) and (6) into (2), the stress components of interest are found to be:

2~ O'n(r, z) = L"{- [a(A1+ A2Z)_1; IC A2] e-.t + [a(A,+ A..z)+ 1; IC A.] eO%}

xJ1(ar)a da.

(6a,b)

(7a,b)

The unknown functions AI(a)...•A.(a) are determined from the boundary conditions at z = 0
andz=h.

3. CONTINUOUS CONTACT (o<p<p..)

Referring to FII. la let P be the magnitude of the teDSi1e line load (per unit length) acting
along the circle r = ro. Z ",. h. If P is sutliciently small so that no separation takes place on the
interface z = 0 (i.e. for P < Pt:T), the solution of the problem as given by (3), (5) and (6) may be
completed by using eqns (7) and determing A" .. , A. from the following boundary conditions:

O'n(r, 0) =0, w(r,O) = 0,

O'n(r, h) =0, O'a(r, h) =P8(r - ro) - Po, O:s r < llO.

After determining Ai> the contact stress is found to be

Defining now the following quantities

(8a-<l)

(9)

'" = ah. O'a(r. 0) =per), Po+ pgh • p.,

eqn (9) may be written as

(10)
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From (11) it is seen that for "Y = 0, p(r) = - p. and up to a certain value of "Y, p(r) would remain
to be negative, that is, the continuous contact on z = 0 plane would be maintained. Also note
that this critical value "Ycr =Pcrlp.h, at which the separation on z =0 starts is a function of rol h.
Clearly, for small values of rolh the separation starts at , =0 and "Ycr may be obtained from

1 _2'oi"'(w+1)e-"+(W-1)e-3<o r ( (0) d
- - -h 1+ A.. -2Z _::a; "0 W-h W W,"Ycr 0 'ffU e e

(12)

The calculated results show that (12) would give "'Icr if 0 s rolh < 0.62. For values of rol h greater
than 0.62 the equation obtained from (11) by writing p(r) =0 has two unknowns, "Ycr and rlh.
For some selected values of rolh Fig. 2 shows the pressure distribution, the value of "Ycr and the
corresponding rlh at which p(r) =O. The calculated values of "'Icr are shown in Fig. 3 as a
function of rolh. Since the critical value of the resultant force PR =21t'roPcr would remain finite
as ro .... O, for ro = 0 Pcr as well as "Ycr would become unbounded. Therefore, for small values of
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ro/h a more appropriate dimensionless quantity which should be evaluated would be

(l3)

Figure 3 also shows P:, as a function of ro/h. Note that for a concentrated lifting load (i.e. for
ro = 0) the (total) force initiating an interface separation is given by

(14)

4. SEPARATION (p>p.. )

For a given value of ro/h if P > Pcr there will be sepiration on the z =0 plane. generally
along a ring-shaped region a < r < b (Fig. Ie). For this problem eqns (3). (5)-(7) are still valid.
However. in this case. the functions Alo •.• A.. must be determined from the following mixed
boundary conditions.

O"z:(r. h) =P8(r- ro)- Po. O"p%(r, It) =O. O:s; r<CK>, (lSa,b)

O"r:(r, O) =O. OEir<CK>, (lSc)

O"u(r. 0) =O. a<r<b. (lSd)

w(r, 0) =O. O:s; r< a. b < r<CK>. (lSe)

Three of the four unknowns Ai may be eliminated by substituting from (7) into (lSa-c) and the
mixed conditions (lSd) and (lSe) would give a pair of dual integral equations for the remaining
unknown function. One may also reduce the problem to a singlilar integral equation by defining
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the following function

M. R. GECIT and F. EaDooAN

a
ar w(r, 0) = !(r), 0 s r < ao. (16)

Replacing now the conditions (lSd) and (lSe) by (16), A" .. A.. may be determined in terms of
!(r), and (l5d) would then give an intesra1 equation to determine !(r). Note that (1Se) is
equivalent to

!(r) =0, Osr<a, b<r<ao, [" !(r)dr=O. (17a,b)

After somewhat lenathY but straiabtforward manipulations we obtain (see for example Ref. [4]
for the general procedure and for the derivation of sinauJar kernel)

4 { I I" 11 (r. s) I" i- }O'zz(r,O)=~I+ - -l.-z.-!(s)ds+ !(s)ds E\(CI)Jo(.r)J\(Cls)CldCl
Ie 'If II s-r II 0

+ Pro L- E2(CI)Jo(Clro)/o(ClT)CI dCl - P• ... 0, a < r < b, (18)

where

{

2r [sZ-r ]s + r --;r K(slr) +E(slr) ,
1I\(r, s).... 2s

- E(rls), r< s,
s+r

e....... -(2azhz+2cIh + He-w
E\(CI) = 2(1 + 4«11 e-W - e::Q) ,

E ( ) ... (crh + l)e..... +~1I-1)e-Jall
2 CI 2(1 +4«11 e- -e=ta) .

s<r,

(19a-c)

In (19a) K and E are respectively the complete elliptic intearals of the first and the second
kind. For 0< a < b, the siDpIar intetral equation (18) must be solved under the siqle
valuedness cODditioR (l'7b). If To is relatively small so that II'" 0 .. the sepuaIion area is
circular (f:j.g. l~),. the intutaie~ (18) maains the same ex.ceptfor die doIDinant part (i.e.
the first term on the l.b.s.) whicb becomes

where

4u. ILa (I I)~- IIz(r,s) --- !(s)ds,
1+IC'If 0 s-r s+r

{

~K(slr)+E(slr), s<r,
h2(r, s) = s

- E(rls), s> r.r

(20)

(21)

In this case the condition (17b) is not valid and also is not required for a uaique solution of the
integral equation. It sbould be noted that in both cases the solution is obtained within an
arbitrary rigid body displacement in w which can be chosen as beina zero.

For a given To/ll and l' > 1'cr if II > 0 then both a and b are unknown constants. Also we note
that because of the requirements of smooth contact at a and b, {(II)" 0'" {(b) and theref1)re
the index of the singular inteara1 equation (18) is (-1)[13]. Thus, in salvina the problem the two
conditions which would account for the unknowns II and b are the condition (17b) and the
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consistency condition of the integral equation[l3]. To solve the problem numerically we first
define the following new variables and quantities:

x =[2r- (b + a)]/(b - a),

1 = [2s - (b + a)]/(b - a),

w=ha,

4",
4>(1) =(K + l)P. fer),

1
k(x,t)=-I-[hl (r,s)-I],-x

kl(x, t) =b;"ae;"a1+b2~a) LID EI(7i)Jo(ar)JI (<<s)w dw,

k2(x) =~ LID E2(7i)Jo('~ )JO(Ta)W dw.

The integral equation (18) and condition (l7b) may then be expressed as

(22)

l Jl 4>(t) dt +II [l k(x, t) + kl(x, O]4>(t) dt =1- -yk2(X),
1r I t - X -1 1r

f, 4>(t) dt = O.

writing the solution of (23) in the form

-1<x<l, (23)

(24)

-1<t<1 (25)

n = I, .. n,

eqns (23) and (24) may be reduced to [14]

" 1- 1.2

~ n + i G(tl) = 0,

tl = cos (n i
: 1)'

U= I, ... n+ 1) (26)

(27)

(28)

[
1r (2i -1)]x·=cos - --

J 2 n+l ' j =I, .. n +1. (29)

In [14J it was shown that the extra equation in (26) corresponds to the consistency condition of
the orisinal intearaJ equation (23). Thus the (n + 2) equations given by (26) and (27) determine
the (n + 2) unknowns G(td, (i =1, .. n), a and b.

Noting that (18) gives O'u(r, 0) on the entire z =0 plane (i.e for O$r<oo), after determining
4>(t) the contact stress outside the separation region (i.e. in 0$ r < a, b < r < 00) may be
obtained from

.1. O'u(r, 0) =per) =.1. p (b - a x + b+ a) =lil ..till.dt +II
P. P. P. 2 2 1r _I t - X _I

b+a---<x<-I
b-a ' 1<x<co. (30)
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In the case of circular separation region (i.e. for a =0), we also have /(0) =0 = /(b) and only
b is unknown. Therefore, the index of the singular integral equation is again - 1. and the
solution must satisfy the consistency condition which accounts for the unknown constant b.

5. THE PLATE ASSUMPTION

A simple approximation to the lifting problem may be obtained by using a standard plate
theory to determine the displacements in the elastic layer. For example assuming that rolh is
sufficiently small and a =O. by using the classical plate theory the problems can be formulated
as follows:

D d { d [1 d ( dW)]}-- r- -- r- =p - P8(r- ro)r dr dr r dr dr ~ • r< b, (31)

giving

_~hJ
D -1 + /( 12' w(b) =0.

d
- w(b)=Odr •

dJ

d? w(O) =0, w(O) < co, (32a-d)

Osr<b. (33)

In (33) the constant b is the only unknown which needs to be determined. On the other hand,
physically the problem has two more boundary conditions which have not yet been satisfied,
namely the conditions of zero bending moment and zero transverse shear at r =b. It is thus
clear that the classical plate theory cannot provide a solution which satisfies all the physical
boundary conditions. If b is determined by using the condition that at r =b the bending
moment is zero (i.e. w"(b) =0), we find

b2 =4roP , (34)
p~

or

bIi =2('Yrolh)1/2. (35)

In this case the force equilibrium requires that a transverse shear V = roPlb be applied along the
circle r =b to the plate. giving the contact stress as

_{- [p~ + rf 8(r- b)J.
O'::(r.O) -

0, Os r< b.

b s r<co,

(36)

A less physically acceptable solution from the plate theory may be obtained by determining
b from the condition of zero transverse shear at r =b, which requires that a concentrated
bending moment be applied to the plate along the circle r =b to maintain its equilibrium.

6. THE CASE OF COMPRESSIVE FORCE

The formulation of the contact problem given in Sections 2-4 is applicable to the case of
compressive force (see the insert in Figs. 9-(2) as well as the lifting force shown in Fig. 1. In
the case of compressive force, P and 'Y = PI(hp~) are negative quantities. For values of P
satisfying p(r) < O. 0 S r < co, (11) is still valid and gives the contact pressure. For a given ro, at
a critical value P =Pcr or 'Y = 'YCf contact stress becomes zero at r = rcr where both 'Ycr and rcr
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are unknown. These unknowns are again determined from

719

p(rcr ) = 0,
d
dr p(rcr ) =0, (37)

where per) is given by (II).

If the magnitude of P exceeds Pcr (i.e. for IPI> IPcrl), then there will be separation on the
contact plane z = O. For relatively small values of ro the separation would take place along a
ring-shaped region a < r < b where a> roo In this case the integral equation (18) and the
single-valuedness condition (l7b) are still valid. However, for large values of ro if one continues
to increase the magnitude of P beyond Pc" at a certain value IPI = IP~rl the contact pressure
becomes zero at r =0 and for IPI > IP~rl one would have two separation zones, O:s: r < c and
a < r < b, where 0 < c < ro < a < b. In this case the integral equations of the problem and the
single-valuedness condition become

where

1~1C ·!;{f [C~r - s~r)h2(r'S)+h3(r,s)J/,(S)dS

+f [S ~ r hl(r, s) + h3(r, s)] 12(S) ds } = P. - Ph4(r), O:s: r < c,

a<r<b, (38a,b)

(39)

o
II(r) =or w(r,O),

o
her) =or w(r, 0),

O:s:r<c,

a <r< b,

(4Oa-d)

The functions E lo E2, hi and h2 are defined by (19) and (21). The indexes of both singular
integral equations (38a) and (38b) are - 1. Thus, the two consistency conditions and the
single-valuedness condition (39) provide three equations to determine the unknown constants a,
band C. In practice the problem may easily be solved numerically by normalizing the intervals
(0, c) and (a, b) and by using the technique mentioned in Section 4.

If ro is increased further, due to the loads Po + pgh =Pet the center portion of the circular
separation region would collapse and one would have two ring-shaped separation regions,
d < , < C and a < , < b where 0 < d < C < '0 < a < b. In this case defining

o
II(r) = or w(r, 0),

o
her) =or w(r, 0),

d< r<c,

a <r<b, (41a,b)
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the integral equations become

f h(r, S)ft(S) ds +f h(r, s)f.t(S) ds == p~ - Ph.(r),

f.b h(r, S)12(5) ds +f h(r, S){I(S) ds == p~ - Ph.(r),

d<r<c,

a <r<b,
(42a,b)

h( ) ==1. 4". [h1(r, s) + h ( )]r,s 1+ )r,5.
'It Ie s-r

(43)

Note tbat in (42) only the first terms on the left hand side have kernels with Cauchy type
sinplarity. Here the unknown constants a-d are determined from two consistency conditions
of the intearal equations and the foUowing two single-valuedness conditions

[b !z(r) dr == O. (44a,b)

7. RESULTS

For relatively small values of rolh and 'Y> 'Yer > 0 (i.e. for lifting force) some of the
ealcuIated resultscorre.,..... to a circular separationrqion (i.e. for a == 0) are Jiven in Figs.
4-6. F"tpre 4 shows the radius of the separation rePm b asa function of 'Y for fixed values of
rolla. The fiaure also shows the parabola obtained from the plate theory as Jiven by (35). As
seen from the fiaure, the plate. theory predicts a separation area which is considerably greater
than that liven by the elasticity solution. One may also note that according to the plate theory
continuous contaet (i.e. b a 0) is possible only for 'Y =0 (or, for P == 0) which is clearly very
uarealistic. However, as 'Y iax:reases, the relativediferences between the results calculated from
the two procedures would decrease and the results obtained from the plate theory could
become acceptable. Similar results were found in (lll for the plane problem.

2.0

1.5 fo/h. 0.0 I
, .........

J!.. 1.0 ,,"
h "",,'"

""0.5 /'
I

I
I

0 20 40 60 80
r

2.0 --1.5 fo/h -0.1
.........................,.. .....

b 1.0 ",,"
II """,

/'
/'

0.5 /
/

I

0 8

r

Fig. 4. Variation of the radius of the circular separation area as a function of loading ratio 'Y =
PIh(pgh + Po). (Full line: elasticity solution. dashed line: plate approximation).
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rll· S. Distribution of the contact stress ....(r, O}. p(r) for various values of , and for ro/l. • 0.01 in the
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rll· 6. Distribution of the contact stress O"u(r,O)-p(r) for various values of "I and for ro/lt -0.1 in the
case of circular separation area (P. • ",It +Po).
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Figures 5 and 6 show the distribution of the contact stress O'zz(r, 0) = p(r), r> b for fixed
values of the load ratio 'Y =Plhp.. The calculated values of the corresponding separation radius
are also shown in the figures. The contact stress obtained from the classical plate theory is
given by (36), namely

{

O' OSr< b,

p(r) = - (Po + ro:), r=b,

-P.. b<r<oo.

(45)

This tendency of concentration of the contact pressure around r =b may also be observed in
Figs. 5 and 6.

The results for the ring-shaped separation region (Le. for 0< a < b), apin for the case of
lifting force, are given in FIgS. 7-9. Figure 7 shows, for two fixed values of load radius rolh and
for 'Y > 'YCJ'9 the radii of the separation area. a and b. The figure also shows the transition value
of 'Y at which the ring-shaped separation area becomes circular. The value of the corresponding
radius b of this circle is also indicated in the figure.

Some sample results for the contact stress distribution O'u(r,O) =p(r) are shown in Figs. 8
and 9 for fixed values of loadina radius rolh and the load ratio 'Y '= Plhp.. Again, the figures also
show the correspondiq contact radii a and b.

FJlUl'Cs 10-12 show the results for the compressive force. For values of ro =0.01, 0.1 and 1.0
the fiaures show the values of the load ratio 'Yer = Pc,/hpo and the radius rcr at which the
separation would start. FJlUfes 10 and 11 also show a sample result for which I'YI > l'Yerl and the
correspondiol radii a and b of the separation region. In order to include the entire pressure
distribution and to include sufticient details for Ip(r)/pol < I, in figures ditlerent scales have
been used for p > p, and for p < Pr Note that for very small values of rolh the maximum
pressure is at r=O. However, as r. increases r= 0 becomes the point of a local minimum for
pressure (see Flg. 12) indicating that for certain combinations of ro and 'Y there may be an
additional separation region around r=O.

2..-......'"'T""--.........-..--r-""'T"--r.....,,--.,.............,

,,
8:.. 'o •...:,,

o I

1.0

ro/h·1.0

y
1.20 1.3

~.60-r-,
"'"...

rolh : 2.0

" .... ...
2 2.535 3

y

Fig. 7. Tile radii a and b of the ring-shaped separation area.



Frictionless contact problem for an elastic layer under axisymmetric loading

per) -0.5p;

-1.0

O~~_~;'_;'---,-_;:-":':';':'_;----r_

p::) -0.5

783

per) 0-p;- - .5

- 1.0

Fig. 8. Distribution of the contact stress /Tu(r. 0). p(r) ill the cue of riDa-shaped separation area for
rollt • 1. (p. • ".+Po).

p:;) -0.5

-1.0

Fig. 9. Distribution of tbe contact stress O'..(r, 0). p(r) ill the cue of f'iDa-thaped separatioa area for
rolh • 2, <p•• ",II +Po).
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ro. 0.01 h

(I) y"-1500

(2) Yer·-26S2.~, rer· 1.95h

(3) Y ··2786, 0 .1.8h, b. 2.141 h

2
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4 5
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(I) Y ·-150
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0.5

a
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3 4 5

Fig. II. Distribution of contact stress for cOftl1'l'C'SSive loading, y =PI(hp.), P. =Po + pgh. To =0.1 h.
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